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The dynamic response functions of strongly interacting fermion gas in homogeneous space are
investigated in a virial expansion to second order. The density response function exhibits transition
from atomic to molecular response, as the interaction strength increases and the system undergoes
BCS-BEC crossover. The qualitative features of density and spin response agree with measurements
from the Bragg spectroscopy experiments. The virial response is exact at low density and high
temperature, therefore providing a benchmark for many-body response.
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I. INTRODUCTION
Recent years the advances in cold atom experiments
have improved our understanding of thermodynamic and
dynamic properties of strongly interacting systems. Par-
ticularly, the dynamic response function gives the re-
sponse of the system under an excitation probe, therefore
describing the inelastic scattering processes. Quite re-
markably, the Bragg spectroscopy has been used to mea-
sure the dynamic and static density response functions
for a strongly interacting cold Fermion system [1]. A
smooth transition from atomic to molecular spectra, or
from BCS to BEC regimes, is observed with a clear signa-
ture of pairing at and above unitarity, which provides a
direct link to two-body correlations. Recently, the Bragg
spectroscopy is also applied to obtain the dynamic spin
response function [2].
Due to its nonperturbative nature, theoretically it
is extremely hard to obtain the response function of
strongly interacting Fermion system. There have been
several investigations on the dynamic response function
[3–7]. In certain limits, large momentum transfer be-
tween external probe and the system [8], or system
being at very low density, to name a few, the many-
body phenomena are expected to be dominated by few-
body physics explicitly. The virial expansion presents
a tractable approach to the strongly interacting sys-
tem and has a controllable small parameter, the fugac-
ity z = exp(µ/T ), when the system is at low density
(chemical potential µ) and high temperature (T ). It
has been applied to study the thermodynamic properties
of strongly interacting fermi gas [9, 10]. For a trapped
strongly interacting fermi gas, a quantum virial expan-
sion to second order for the response functions has been
developed in Refs. [11, 12].
∗Electronic address: gshen@uw.edu
In this work, the latter virial expansion is extended to
study the dynamic response functions of strongly inter-
acting fermi gas in homogeneous space. The formalism
closely follows that developed in Ref. [11] for trapped
fermi gas. The dynamic density response function in
homogeneous space is found to exhibit transition from
atomic to molecular spectra, as the interaction strength
increases and the system undergoes BCS-BEC crossover.
The virial response is exact at low density and high tem-
perature, when fugacity is a small number. Therefore it
provides a benchmark for the many-body response func-
tions. Qualitatively the response functions of strongly
interacting fermi gas in homegeneous space show similar
characteristics as those in trapped fermi gas from exper-
iments. They may be related by a local density approx-
imation. In this work, the results in homogeneous space
are explicitly written down in compact and closed form
with simple integrals. The virial expansion for dynamic
response function can be readily applied to other strongly
interacting many-body system, like neutron matter and
nuclear matter in supernova (see Ref. [13] for a study on
the long wavelength behavior of static response function).
The paper is organized as follows. In next section II
the formalism for the dynamic response function of fermi
gas in second order virial expansion is presented in detail.
In Sec. III the frequency dependence, interaction depen-
dence, and temperature dependence of dynamic response
function, as well as the static response function are dis-
cussed. The conclusions are given in Sec. IV.
The natural units ~ = kB = 1 are used throughout.
II. FORMALSIM FOR DYNAMIC RESPONSE
FUNCTIONS
The formalism below closely follows that developed in
Ref. [11] for a trapped fermi gas. Here a recap of the for-
malism is given for completeness. The dynamic density
response for a spin-unpolarized gas under four momen-
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2tum transfer (q,ω) can be separated into two pieces:
SD(q, ω) = 2[S↑↑(q, ω) + S↑↓(q, ω)], (2.1)
where S↓↓ = S↑↑ and S↓↑ = S↑↓ are used. Similarly one
could obtain the dynamic spin response function [17],
SS(q, ω) = 2[S↑↑(q, ω)− S↑↓(q, ω)]. (2.2)
The spin dependent dynamic response functions
Sσσ′(r, r
′, ω) in above two equations (a simple Fourier
transform with respect to r − r′ then gives Sσσ′(q, ω))
can be obtained via the fluctuation-dissipation theorem
and analytic continuation from the dynamic susceptibil-
ity,
Sσσ′(r, r
′, ω) =
−Imχσσ′(r, r′; iωn → ω + i0+)
pi(1− e−βω) , (2.3)
where the matsubara frequencies ωn = 2pinkBT (n =
0,±1, ...), and the time-dependent correlation function
in imaginary time is defined as usual,
χσσ′(r, r
′, τ) = −〈Tτ nˆσ(r, τ)nˆσ′(r, 0)〉, (2.4)
where Tτ is the imaginary-time ordering operator, and
nˆσ(r, τ) is the density (fluctuation) operator in spin
channel σ, and τ is an imaginary time in the interval
0 < τ ≤ β = 1/kBT . By the usual virial expansion in
fugacity z = eβµ,
χσσ′ = zX1[1 + z(X2/X1 −Q1) + . . . ], (2.5)
where
QN = TrN
[
e−βHˆ
]
, (2.6)
XN = −TrN
[
e−βHˆeτHˆ nˆσ(r)e−τHˆ nˆσ′(r′)
]
. (2.7)
Hˆ is the Hamiltonian. The lower script N indicates the
trace is taken over N -body state. The interaction enters
from second order term. Using completeness relations,
∆χσσ′,2(r, r
′, τ) = ∆X2 = X2 −X02
= −
∑
P,Q
[
e−βEP+τ(EP−EQ)CPQσσ′ (r, r
′)
]
, (2.8)
where the superscript “0” in X02 indicates quantities for
non-interacting system, and
CPQσσ′ (r, r
′) = 〈P |nˆσ(r)|Q〉〈Q|nˆσ′(r′)|P 〉, (2.9)
pair state (↑↓) |P 〉 (|Q〉) has energy EP (EQ). One can
perform discrete Fourier transform on ∆χσσ′,2(r, r
′, τ),
and analytically continuate the results via iωn → ω+ iη,
to get the second order response function,
∆Sσσ′,2(r, r
′, ω)
= − Im∆χσσ′,2(r, r
′, ω)
(1− e−βω)pi
=
∑
P,Q
δ(ω + EP − EQ)e−βEPCPQσσ′ (r, r′). (2.10)
Through a further Fourier transform the momentum
space response function follows as,
∆Sσσ′,2(q, ω)
=
∑
PQ
δ(ω + EP − EQ)e−βEPFPQσσ′ (q), (2.11)
where,
FPQσσ′ (q) =
∫
drdr′e−iq(r−r
′)CPQσσ′ (r, r
′). (2.12)
After some algebra, one can arrive at following form for
the response function,
∆Sσσ′,2(q, ω) =
∫
dω′Wcm(q, ω′)Wσσ
′
rel (q, ω − ω′),(2.13)
with following notations for the center of mass piece
Wcm(q, ω
′) and relative motion piece Wσσ
′
rel (q, ω − ω′)
contributions, respectively.
Wcm(q, ω
′) ≡
∑
p1q1
δ(ω′ + p1 − q1)e−βp1 |fp1q1|2 ,(2.14)
and,
fp1q1 ≡
∫
dRe−iq·Rϕ∗p1(R)ϕq1(R), (2.15)
where ϕp1,q1(R) is plane wave state for center of mass
motion of two-fermion with energy of p1, q1.
Wσσ
′
rel (q, ω − ω′)
≡
∑
p2q2
δ(ω − ω′ + p2 − q2)e−βp2Aσσ′p2q2, (2.16)
with A↑↑p2q2 ≡ |Ap2q2|2 and A↑↓p2q2 ≡ Ap2q2Aq2p2, and
Ap2q2 ≡
∫
dxe−iq·x/2φ∗p2(x)φq2(x), (2.17)
where φp2,q2(x) is state for relative motion of two-
fermion with energy of p2, q2.
We mention by passing the center of mass piece
Wcm(q, ω
′) ≡ m
2
npi2βq
e−(ω
′−q2/4m)2βm/q2 , (2.18)
where n is the number density and m is the atomic mass.
In the next the resulting second order response functions
are presented from BCS (II A) to BEC (II B) side.
A. BCS side
Using the S-wave scattering state wave function
φS(pr) =
√
2/pi(1 + p2a2) [sin(pr)− pa cos(pr)/pr]Y00
[18] (a is the S wave scattering length), the relative piece
in Eq. (2.16) can be written as,
3Wσσ
′
rel (q, ω) =
∫
dp2p
2
2dq2q
2
2δ(ω + p2 − q2)e−βp2
[(∫
dxx2j0(qx/2)φS(p2x)φS(q2x)
)2
+
∑
l>0
(2l + 1)(−1)l(1−δσσ′ )
(∫
dxx2jl(qx/2)
√
2
pi
jl(p2x)φS(q2x)
)2
+
∑
l>0
(2l + 1)(−1)l(1−δσσ′ )
(∫
dxx2jl(qx/2)
√
2
pi
jl(q2x)φS(p2x)
)2
− non. inter. terms
]
. (2.19)
Note either φS(p2x) or φS(q2x) has to be interacting
S wave state, otherwise it will cancel with correspond-
ing non-interacting term. With above equation and Eq.
(2.18) one can proceed to the dynamic structure function
in Eq. (2.13),
∆S˜σσ′,2(q, ω) =
∫
dp˜2p˜
2
2dq˜2q˜
2
2
3T˜
4q˜
e−(ω˜+2p˜
2
2−2q˜22−q˜2/2)2/2q˜2T˜−2p˜22/T˜
[(∫
dxx2j0(q˜x/2)φS(p˜2x)φS(q˜2x)
)2
+
∑
l>0
(2l + 1)(−1)l(1−δσσ′ )
(∫
dxx2jl(q˜x/2)
√
2
pi
jl(p˜2x)φS(q˜2x)
)2
+
∑
l>0
(2l + 1)(−1)l(1−δσσ′ )
(∫
dxx2jl(q˜x/2)
√
2
pi
jl(q˜2x)φS(p˜2x)
)2
− non. inter. terms
]
, (2.20)
where scaled variables, momentum in terms of kF and
energy in terms of F = k
2
F /2m, have been used. For
instance, q˜ = q/kF , T˜ = T/F , and ∆S˜σσ′,2 = ∆Sσσ′,2×
F . Note the subtraction of non-interacting piece is es-
sential to obtain physical finite results (See App. A for
more discussions).
After some straightforward algebra, one could obtain
the dynamic response functions on the BCS side as fol-
lows,
S˜BCS↑↓ (q, ω) = z
2(∆S˜a↑↓,2(q, ω) + ∆S˜
b
↑↓,2(q, ω)), (2.21)
S˜BCS↑↑ (q, ω) = S˜F (q, ω) + z
2(∆S˜a↑↑,2(q, ω) + ∆S˜
b
↑↑,2(q, ω)), (2.22)
where terms with superscript “a” indicate contribution
from scattering between S wave initial and final states,
and “b” for scattering between l > 0 wave and S wave
states. For details see Eqs. (B1), (B3), and (B4) in
App. B. S˜F (q, ω) is the dynamic response function for
non-interacting fermi gas [15],
S˜F (q, ω) =
3T˜
16q˜
1
1− e−ω˜/T˜ log
[
1 + ze−(ω˜/q˜−q˜)
2/4T˜
1 + ze−(ω˜/q˜+q˜)2/4T˜
]
.
(2.23)
Note a factor of half is included in above equation to
remove spin degeneracy.
B. BEC side
On BEC side there exist contributions from bound
state φb(r) = e
−r/a/r
√
2pia besides scattering states,
where binding energy Eb = −1/ma2. An important con-
tribution on BEC side comes from transition between
bound states, or molecular response,
4∆S˜cσσ′,2(q, ω) =
3T˜
4q˜
e−(ω˜−q˜
2/2)2/2q˜2T˜+2/T˜k2F a
2
[∫
dxx2j0(q˜x/2)4piφb(x)
2
]2
=
3piT˜
2q˜2kFa
e−(ω˜−q˜
2/2)2/2q˜2T˜+2/T˜k2F a
2
(1 + q˜2k2Fa
2)−1/2P−1/2−1/2 [(1 + q˜
2k2Fa
2)−1/2]2. (2.24)
It is clear from Eq. (2.24) that on deep BEC side,
kFa  1, the molecular response dominates in the dy-
namic response function.
Summing up Eqs. (B1) with (B3) or (B4), as well as
(B5) and (2.24), one could obtain the dynamic response
functions on the BEC side as follows,
S˜BEC↑↓ (q, ω) = z
2(∆S˜a↑↓,2(q, ω) + ∆S˜
b
↑↓,2(q, ω) + ∆S˜
c
↑↓,2(q, ω) + ∆S˜
d
↑↓,2(q, ω)), (2.25)
S˜BEC↑↑ (q, ω) = S˜F (q, ω) + z
2(∆S˜a↑↑,2(q, ω) + ∆S˜
b
↑↑,2(q, ω) + ∆S˜
c
↑↑,2(q, ω) + ∆S˜
d
↑↑,2(q, ω)), (2.26)
where the terms with superscript “d” indicate the con-
tribution from transition between bound state and scat-
tering state, shown in Eq. (B5) of App. B.
III. RESULTS AND DISCUSSIONS
In this section, the dependences of dynamic response
function on frequency, interaction, and temperature, as
well as static response function are discussed in details.
The Bragg spectroscopy experiments have been carried
out using large momentum transfer. Therefore in most
of this section, the response functions are calculated with
a large momentum transfer q = 3kF .
A. Frequency dependence of S↑↑ and S↑↓
In Figure 1, the dynamic response functions for spin-
parallel and spin-anti-parallel cases, S↑↑ and S↑↓, are
shown as function of frequency at different interaction
strengths for T = 2TF (left panels) and T = 3TF (right
panels). In all the results, the largest fugazity is z=0.25
(BCS side 1/kFa = −1 and T/TF=2). These small val-
ues suggest that higher order corrections to the virial
expansion will be small. ωR = q
2/2m is the atomic recoil
frequency.
The effect of interaction is most clear in the dynamic
response function for spin-anti-parallel case, S↑↓, as Eqs.
(2.21, 2.25) contain only interaction induced contribu-
tions. On the BCS side 1/kFa = −1, S↑↓ is peaked
around the molecular recoil frequency ωR/2 due to strong
pair correlation from attractive interaction. The peak
becomes more visible as temperature decreases and/or
interactions strength increases. One notes that there is
no peak around atomic recoil frequency ωR, since the
zero-range interaction makes two spin-anti-parallel atoms
tightly correlated even at very high momentum transfer,
giving rise to a molecular response peak. This is clearly
in agreement both with experimental finding for the same
response function of fermi gas at low temperature in
Ref. [2], and with theoretical calculations in Ref. [11] for
trapped fermi gas at high temperature. Furthermore,
there is a semi-analytical way to interpret the molecu-
lar peak in the spin-anti-parallel response, by using a
random phase approximation (RPA) type calculation as
follows,
SRPA↑↓ (q, ω) =
1
1− exp−ω/T Im
[
Π0
1−V0Π0 −
Π0
1 + V0Π0
]
,
(3.1)
where V0 is the S-wave interaction between spin up and
spin down fermions (for example some modified Po¨schl-
Teller potential [16]), and Π0 is the Lindhard function for
the polarization function of free fermi gas that could be
obtained from Eq. (2.23). In the limit that finite range
effect in V0 is negligible when momentum transfer is not
large enough, one could show the RPA response function
SRPA↑↓ peaks around the molecular response, because the
external probe can only excite the short-range strongly
correlated pair together.
On the BEC side, the spin-anti-parallel response is
sharply peaked around the molecular recoil frequency
due to the formation of bound pair state, which domi-
nates the response function. The response function S↑↑,
given in Eqs. (2.22, 2.26), receives contribution from non-
interaction terms Eq. (2.23), which peaks at the atomic
recoil frequency. Note the contribution from interaction
also peaks around molecular response as the spin-anti-
parallel response above. On the BCS side, the interac-
tion is too weak so the response is dominated by the non-
interacting terms. On the BEC side, the peak of response
function S↑↑ moves toward the molecular recoil frequency
5as S↑↓ because of formation of bound pair state.
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FIG. 1: (Color online) S↑↑(q = 3kF , ω) and S↑↓(q = 3kF , ω)
as function of frequency at different 1/kF a and at T = 2TF
(left) and T = 3TF (right).
B. Interaction dependence of dynamic response
function
In Figure 2 the dynamic density (left) and spin (right)
responses at T = 3TF , obtained by Eqs. (2.1, 2.2), are
shown for various interaction strengths. The spin re-
sponse has broad peak around atomic frequency both on
BEC and BCS sides, which agrees with the experiment
[2]. The density response function peaks at atomic recoil
frequency on BCS side. As interaction increases, the peak
becomes red-shifted. On BEC side, the density response
becomes peaked around molecular frequency. These fea-
tures qualitatively agree with recent Bragg spectroscopy
experiment [2], although the latter experiment was per-
formed at extremely low temperature in the superfluid
phase. Note, however, here at T = 3TF the density re-
sponse at unitarity has only a single peak in contrast to
double peak found in experiments [2] for system in su-
perfluid phase.
Virial expansion may not be applicable at same tem-
peratures as in the experiments [1, 2] performed below
the critical temperature in the superfluid phase, but
around TF and at unitarity the virial density response
already exhibits double peak features similar to experi-
mental findings. In left panel of Fig. 3, the density re-
sponse function at unitarity is shown as function of ω/ωR
at temperatures T = TF , 1.25TF , 1.5TF , and q = 3kF .
As temperature decreases, the density response function
changes from single peak at molecular response (0.5ωR)
for T = 1.5TF , to develop an additional shallow peak at
∼ 1.5ωR for T = TF . The second peak moves to lower fre-
quency as the momentum transfer increases to q = 4.5kF
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FIG. 2: (Color online) Interaction dependence of dynamic
density (left) and spin (right) responses at T = 3TF .
(value used in the Bragg spectroscopy experiment [2]),
as shown in right panel of Fig. 3 where T = TF and at
unitarity. At T = TF and unitarity the fugacity z=0.49,
so one should view these results with caution and expect
sizable correction from higher order terms. Nevertheless,
the qualitative feature of density response with double
peak at unitarity and T = TF is similar to what was
observed in the experiment [2]. It is possible that with
higher order virial expansion the second peak would be
closer to the atomic response ωR, and this warrants fur-
ther studies. Finally one notes that in a previous work
using virial expansion for trapped fermi gas [11], the den-
sity response function only has a single peak even at a
temperature of 0.5TF , in contrast to experimental finding
[2] and current work. It is possible that, at temperature
lower than 0.5TF the virial expansion for trapped system
may also give rise to double peak feature for the density
response function.
C. Static response function
The static response functions are obtained via follow-
ing integrals,
Sσσ′(q) = 2
∫ ∞
−∞
dωSσσ′(q, ω). (3.2)
In Figure 4 the static response functions S↑↑ (q=3kF )
and S↑↓ (q=3kF ) are shown as function of 1/kFa at
T = 3TF . S↑↑ (q=3kF ) increases from about one in deep
BEC side when 1/kFa reduces, and it decreases quickly
approaching unitarity. The rise and fall is due to contri-
bution from transition between bound state and scatter-
ing state on the BEC side in Eq. (B5), which vanishes
at unitarity. On the other hand, S↑↓ (q=3kF ) changes
60 1 2 3
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FIG. 3: (Color online) Left panel: at unitarity the density
response function as function of ω/ωR at lower temperatures
T = TF , 1.25TF , 1.5TF and q = 3kF . Right panel: at unitarity
the density response function as function of ω/ωR at T = TF ,
and with different q = 3kF , 4.5kF .
-1-0.500.51
1/kFa
0
0.2
0.4
0.6
0.8
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FIG. 4: (Color online) Static response functions S↑↑ (q=3kF )
and S↑↓ (q=3kF ) as function of 1/kF a at T = 3TF .
more smoothly from BEC to BCS side. Note at unitar-
ity when T = 3TF , the fugacity is about 0.13, therefore
one expects the higher order terms contribute at about
10-20% of second order term displayed here.
IV. CONCLUSIONS
In this work, the dynamic response functions of
strongly interacting fermi gas in homogeneous space are
investigated in a virial expansion to second order. The
dynamic density response function is found to exhibit
transition from atomic response to molecular response, as
the interaction strength increases and the system under-
goes BCS-BEC crossover. The spin response function has
a broad peak around atomic recoil frequency at high tem-
perature. These features qualitatively agree with recent
experiments via Bragg spectroscopy. The virial response
is exact at low density and high temperature, when fu-
gacity is a small number. The fugacity discussed in this
work is relatively small. Therefore it provides a bench-
mark for the many-body response functions.
Qualitatively, the response functions of strongly inter-
acting fermi gas in homegeneous space show similar char-
acteristics as those in trapped fermi gas. In fact they may
be related by a local density approximation, which would
be interesting to study in future work.
To second order virial expansion, the dynamic response
function in homogeneous space can be explicitly written
down in compact and closed form with simple integrals.
This illustrates that the virial expansion to response func-
tion may be also applied to other strongly interacting
many-body system at low density and high temperature,
like neutron matter and nuclear matter in supernova.
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Appendix A: Sum of product of two Legendre
Polynomials
The infinite sum over product of two Legendre poly-
nomials can be carried out utilizing following relations,∑
l≥0
(−1)l(2l + 1)Pl(x)2 = δ(x), x ∈ [−1, 1], (A1)∑
l≥0
(2l + 1)Pl(x)Ql(x) = 0, (A2)
∑
l≥0
(−1)l(2l + 1)Pl(x)Ql(x) = 1
2x
, x ∈ [−1, 1], (A3)
∑
l≥0
(−1)l(2l + 1)Ql(x)2 = 1
2x
log |1 + x
1− x |, (A4)∑
l≥0
(2l + 1)Ql(x)
2 = (
pi
2
)2
∑
l≥0
(2l + 1)Pl(x)
2 +
1
x2 − 1 .
(A5)
Note in Eq. (A5) the two sums are separately diver-
gent when x ∈ (−1, 1), but their difference is finite. The
physical origin of the divergence comes from that the
non-interacting two-body piece is proportional to volume
times a single particle response function. Therefore it is
7important to subtract the non-interacting piece at the
same (second) order, which serves as a counter term.
Appendix B: Terms (a), (b), (d) for second order
response function
The first term in Eq. (2.20) comes from scattering
between S wave initial and final states and can be worked
out as follows,
∆S˜aσσ′,2(q, ω) =
∫
dp˜2dq˜2
3T˜
4q˜3
(
2
pi
)2e−(ω˜+2p˜
2
2−2q˜22−q˜2/2)2/2q˜2T˜−2p˜22/T˜×[
pi
4
Cp2Cq2
(−sign(q˜/2− p˜2 − q˜2) + sign(q˜/2 + p˜2 − q˜2) + sign(q˜/2− p˜2 + q˜2)− sign(q˜/2 + p˜2 + q˜2))
+
pi
4
Sp2Sq2
(
sign(q˜/2− p˜2 − q˜2) + sign(q˜/2 + p˜2 − q˜2) + sign(q˜/2− p˜2 + q˜2) + sign(q˜/2 + p˜2 + q˜2)
)
+
1
4
Cp2Sq2 log
(1 + v2)
2
(1− v2)2 +
1
4
Cq2Sp2 log
(1 + v3)
2
(1− v3)2
]2
− non. inter. terms, (B1)
where sign() is the sign function, and Cp2 =
1/
√
1 + p˜22k
2
Fa
2, Sp2 = −p˜2kFa/
√
1 + p˜22k
2
Fa
2, v2 =[
q˜2/4 + p˜22 − q˜22
]
/q˜p˜2, v3 =
[
q˜2/4 + q˜22 − p˜22
]
/q˜q˜2.
The second and third terms in Eq. (2.20) come from
transition between l > 0 partial waves and S wave, and
are simplified as follows,
∆S˜bσσ′,2(q, ω) =
∫
dp˜2dq˜2
3T˜
4q˜3
(
2
pi
)2e−(ω˜+2p˜
2
2−2q˜22−q˜2/2)2/2q˜2T˜−2p˜22/T˜
∑
l>0
(2l + 1)(−1)l(1−δσσ′ )×[
(
pi
2
)2Pl(v2)
2(C2q2 − 1) +Ql(v2)2S2q2 + piPl(v2)Ql(v2)Cq2Sq2
+ (
pi
2
)2Pl(v3)
2(C2p2 − 1) +Ql(v3)2S2p2 + piPl(v3)Ql(v3)Cp2Sp2
]
, (B2)
where Pl and Ql are l
th-order Legendre polynomials of
first and second kind, respectively. Note except (Ql)
2
terms, the other terms are nonzero only for |v2| or |v3| ≤ 1
[14]. Using the summation relation for the product of two
Legendre polynomials (see Appendix A), these terms can
be further simplified as follows.
1. Spin anti-parallel case
∆S˜b↑↓,2(q, ω) =
∫
dp˜2dq˜2
3T˜
4q˜3
(
2
pi
)2e−(ω˜+2p˜
2
2−2q˜22−q˜2/2)2/2q˜2T˜−2p˜22/T˜×[
(
pi
2
)2(δ(v2)− 1)(C2q2 − 1) +
( 1
4v2
log
(1 + v2
1− v2
)2 −Q0(v2)2)S2q2 + pi( 12v2 −Q0(v2))Cq2Sq2
+ (
pi
2
)2(δ(v3)− 1)(C2p2 − 1) +
( 1
4v3
log
(1 + v3
1− v3
)2 −Q0(v3)2)S2p2 + pi( 12v3 −Q0(v3))Cp2Sp2
]
.
(B3)
Note again the 1st, 3rd, 4th, and 6th terms are nonzero only for |v2| or |v3| ≤ 1. Principal-vaule
8integrals are assumed where it is appropriate. 2. Spin parallel case
∆S˜b↑↑,2(q, ω) =
∫
dp˜2dq˜2
3T˜
4q˜3
(
2
pi
)2e−(ω˜+2p˜
2
2−2q˜22−q˜2/2)2/2q˜2T˜−2p˜22/T˜×[
−(pi
2
)2P0(v2)(C
2
q2 − 1) +
( 1
v22 − 1
−Q0(v2)2
)
S2q2 − piP0(v2)Q0(v2)Cq2Sq2
−(pi
2
)2P0(v3)(C
2
p2 − 1) +
( 1
v23 − 1
−Q0(v3)2
)
S2p2 − piP0(v3)Q0(v3)Cp2Sp2
]
. (B4)
Similarly, the 1st, 3rd, 4th, and 6th terms are
nonzero only for |v2| or |v3| ≤ 1.
On the BEC side, the contribution from transition be-
tween bound state and scattering state is obtained as
follows,
∆S˜dσσ′,2(q, ω) =
∫
dq˜2
3T˜
4q˜3
e−(ω˜−2/k
2
F a
2−2q˜22−q˜2/2)2/2q˜2T˜+2/T˜k2F a2
[(
A(u2) − Q0(u2)2
)
+
(
Q0(u2)
2Cq2 + (arctan[(q˜/2− q˜2)kFa] + arctan[(q˜/2 + q˜2)kFa])Sq2
)2]
+
∫
dp˜2
3T˜
4q˜3
e−(ω˜+2p˜
2
2+2/k
2
F a
2−q˜2/2)2/2q˜2T˜−2p˜22/T˜
[(
A(u3) − Q0(u3)2
)
+
(
Q0(u3)
2Cp2 + (arctan[(q˜/2− p˜2)kFa] + arctan[(q˜/2 + p˜2)kFa])Sp2
)2]
, (B5)
where u2 =
[
1/k2Fa
2 + q˜2/4 + q˜22
]
/q˜q˜2, u3 =[
1/k2Fa
2 + q˜2/4 + p˜22
]
/q˜p˜2, and A(x) = 1/(x
2 −
1), (for ↑↑), or Q0(1/x)/x, (for ↑↓).
Appendix C: Virial expansion of density to second
order
On BCS side, the following equation for number den-
sity,
nλ3
2
=
(4pi/T˜ )3/2
6pi2
=
2√
pi
∫ ∞
0
dt
√
t
1 + et/z
+
√
2z2e2/T˜ (kF a)
2
Erfc[−
√
2
T˜
1
kFa
], (C1)
is used to solve fugacity z.
On BEC side, the equation for number density is
changed accordingly due to the additional contribution
from bound state,
nλ3
2
=
(4pi/T˜ )3/2
6pi2
=
2√
pi
∫ ∞
0
dt
√
t
1 + et/z
+
√
2z2e2/T˜ (kF a)
2
(
2− Erfc[
√
2
T˜
1
kFa
]
)
.(C2)
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